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O . l. Introduction 

<D ■ 

Q \ We will assume that the reader is familiar with the work of Mathieu Dupont on abelian 2- 

fT) | categories [14] (called 2-abelian Gpd-category in [14]). We do not recall this quite technical 

CN . definition and give only general remarks and few examples. 

The main difference between abelian categories and abelian 2-categories is that in abelian 
2-categories we have not only objects and morphisms but we have also 2-cells or tracks 

w ■ between two parallel arrows. To be more precise abelian 2-categories are first of all groupoid 

r£3 ■ enrich categories. 

Recall that a groupoid is a small category such that all morphisms are isomorphisms. 
For a groupoid G and an object x G G we let 7r (G) and 7Ti(G, x) be the set of connected 
components of G and the group of automorphisms of x in G respectively. 

The prototype of abelian categories is the category of abelian groups 2lb. A similar role 
in the two dimensional world is plaid by the 2-category &<L<5 of symmetric categorical 
groups. The notion of a symmetric categorical group is a categorification of a notion of 
abelian group. More precisely, let (A, +, 0, a, l,r, c) be a symmetric monoidal category, 
where + : A x A — y A is the composition law, is the neutral element, a is the associative 
constrants, c is the commutativity constrants and I : Id — y + Id and r : Id — y Id + 
are natural transformations satisfying well-known properties [23]. We will say that A is a 
symmetric categorical group or Picard category provided A is a groupoid and for any object 
x the endofunctor x+ : A — y A is an equivalence of categories. It follows that 7To(G) is an 
abelian group and the endofunctor x+ : A — y A yields an isomorphism 7Ti(G, 0) — >■ 7Ti(G, x) 
of abelian groups. In what follows we will write 7Ti(G) instead of 7Ti(G, 0). 

Symmetric categorical groups form the 2-category &<£(5 which is the prototype for 
abelian 2-categories. In an abelian 2-category X for any two object A and B the horn 
groupoid Homx(A, B) is in fact a symmetric categorical group. Moreover % has kernels 
and cokernels in the 2-dimensional sense and satisfies exactness properties. 

For any object A of an abelian 2-category %, the composition of morphisms equips 
the symmetric categorical group Hom(A, A) with a multiplication. This two structure 
form a mathematical object called 2-ring. Here a 2- ring (called also Ann-category [28], 
or categorical ring [20]) is a categorification of the version of a ring and it consists of a 
symmetric categorical group equipped with "multiplication" satisfying Laplaza coherent 
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2 T. PIRASHVILI 

axioms [22]. This notion with different name already presents in the pioneering work of 
Takeuchi [32]. 

Large class of examples of abelian 2-categories are given by the 2-categories of 2-modules 
over 2-rings [14], [30], [18]. 

Any category can be considered as a groupoid enrich category with trivial tracks. Hence 
the theory of groupoid enrich categories generalizes usual category theory. In a sense the 
theory of abelian 2-categories also generalizes the theory of abelian categories, but in a 
more tricky way. Let A be an abelian category, we wish to associate to it an abelian 
2-category. The first idea which comes in mind is to consider A as a groupoid enrich 
category with trivial tracks. However in this way we never obtain an abelian 2-category 
except the trivial case A = [14]. More interesting is the following construction. Let A be 
an abelian category and consider the 2-category A^ consisting of arrows A = (Ai A A ) 
considered as chain complexes concentrated in dimensions 1 and 0. Then morphisms in 
A' 1 ] are just chain maps and tracks are just chain homotopies. However A' 1 ] is usually 
NOT an abelian 2-category, except the case when A is semi-simple [14]. To solve the 
dilemma, let us assume that A is an abelian category with enough projective objects and 
consider the full 2-subcategory Ac consisting of arrows A = (Ai A A ) with projective 
Aq. Then A c is an abelian 2-category [25] and this is a way how abelian categories should 
be considered as a part of the theory of abelian 2-categories. To support this point of view 
let us observe that any abelian 2-category % defines the derived category D(T), which is 
triangulated category in the usual sense [35] . It is easy to observe that the derived category 
of A c triangulated equivalent to the classical derived category D(A) of A. 

It is interesting to compare A^ and A c from the point of view of usual category 
theory. The underlying category of A^ is abelian, while the underling category of A c 
has no kernels nor cokernels in general. However from the point of view of 2-dimensional 
algebra A c is much nicer. This is no accident and the reader familiar with homological 
and homotopical algebra recognize the role of cofibrant objects. 

Of course the dual construction works as well. Namely, if A is an abelian category with 
enough injective objects then the 2-category A J consisting of arrows A = (Ai A A ) 
with injective A\ is an abelian 2-category. Assuming now that A has enough projective 
and injective objects. So we could perform both constructions A c and A J and they 
looks quite different from the point of view of the usual category theory but they are 2- 
equivalent abelian 2-categories (actually using "butterflies" [2] these constructions can be 
unify and get an abelian 2-category starting from an arbitrary abelian category satisfying 
some smallness conditions). 

It is maybe worthwhile to say that the notion of 2-equivalence is a 2-dimensional analogue 
of the notion of equivalence of categories. The set of objects is NOT invariant under 
equivalence of categories. Similarly the underlain category of an abelian 2-category is 
NOT invariant under 2-equivalences as we have seen in the examples A c and Al . Now 
we give more examples of the same phenomena. 
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Assume R is a ring. The category A of left i?-modules is an abelian category, so we can 
consider the corresponding abelian 2-category Ac . On the other hand R can be seen as a 
discrete 2-ring. So we have another abelian 2-category, namely the 2-category of 2-modules 
over R. These 2-categories are very different from the point of view of the usual category 
theory but they are 2-equivalent abelian 2-categories (see Corollary 2). 

It is well-known and is absolutely trivial that the category of abelian groups is isomorphic 
to the category of modules over the ring of integers. Probably a similar fact is also true for 
symmetric categorical groups. The role of integers should be played by the free symmetric 
categorical group with one generator equipped with appropriate multiplication. After my 
suggestion Vincent Schmitt worked on this and related problems, but unfortunately his 
work [30] in this direction is unfinished. 

However, if one considers the problem not up to isomorphisms but up to 2-equivalences, 
then it can be solved quite easily. Namely, one can consider the following symmetric 
categorical group $. Objects of $ are integers. If n ^ m then there is no morphism from 
n to m, n,m G Z. The group of automorphisms of n is the cyclic group of order two with 
generator e n , n G Z. The monoidal functor in $ is induced by the addition of integers. 
The associativity and unite constrants are identity morphisms, while the commutativity 
constrant n + m —$■ m + n equals to nme n+m . We will see that $ plays the same role 
in &£<3 as the abelian group of integers plays in the category of abelian groups in the 
following sense: $ has a natural 2-ring structure induced by the multiplication of integers 
(all distributivity constrants being trivial) and the 2-category of 2-modules over $ in fact 
is 2-equivalent to the 2-category &<£<3 (see Proposition 13). 

These facts can be easily deduced from two theorems proved below. The first one is a 
2-dimensional analogue of the Gabriel-Mitchel theorem (see Theorem 1 below) while the 
second theorem claim that abelian 2-category (3£lS (as well as the abelian 2-category of 
2-modules over a 2-ring) has enough projective objects. In fact it has also enough injective 
objects. The result on projective and injective objects first was proved in [26] and this 
works should be considered as an extended version of it. We also added small sections on 
resolutions and derived 2- functors, following to [6], [7] and [13]. In particular we develop the 
theory of secondary ext objects in abelian 2-categories and we show that the cohomology 
of 2-groups can be described via such ext. 

2. Gabriel-Mitchel theorem 

We start with some definitions. Following to [14] an additive 2-functor from an abelian 
2-category X to another abelian 2-category Xi is a pseudo-functor which on hom-s is a mor- 
phism of symmetric monoidal categories. A 2-functor F : X — > X' is called a 2- equivalence 
between abelian 2-categories if the functors %(A, A') — > %'(FA, FA') are equivalences of 
groupoids for all objects A, A' of X and each object B of X' is equivalent to some object of 
the form F(A). If X is an abelian 2-category, we let Ho(X) be the category which has the 
same objects as X, while for objects A and B we have homHo(i)(A B) = 7roHom<j;(A, B). 
This category is known as the homotopy category of X. A morphism / : A — > B in 
an abelian 2-category X is called faithful provided for all object X the induced functor 
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f x : X(X, A) — y %(X, B) is faithful. An object A in an abelian 2-category X is called 
injective provided for any faithful morphism F : §1 — > §2 the induced map 

hom Ho (i)(5'2, A) -> hom Ho (x)(>Si, A) 

is surjective. We will say that an abelian 2-category X has enough injective objects provided 
for any object A there exist a faithful morphism A — y 8 with injective object §. 

Dually, a morphism / : A — y B in an abelian 2-category X is called cofaithful provided 
for all object X the induced functor fx '■ %{A,X) — > %(B,X) is faithful. An object A is 
called projective provided for any cofaithful morphism F : S± — Y S 2 the induced map 

hom H o(x)(A Si) ->■ hom H o(i)(A S2) 

is surjective. We will say that an abelian 2-category X has enough projective objects 
provided for any object A there exist a cofaithful morphism S — Y A with projective object 
S. 

A coproduct of the family A$, « G / of objects in an abelian 2-category X is an object 
A = ie/ Aj equipped with maps fa : A* —> A, i E I such that for any object X e X the 
induced morphism 

^* : Homj(AI) ->• n Hom x(^,^) 

is an equivalence of groupoids. In this case A is coproduct of the family Ai, % e / in the 
category Ho(X) as well. By duality we can also talk on products. Observe that if A\ and 
A 2 are objects in an abelian 2-category X then there exist a product A = Ai x A 2 which is 
also a coproduct. We will say that an abelian 2-category X has coproducts if for any family 
of objects A^, i E I there exists coproduct © ie /Aj. Dually for products. It is obvious that 
coproduct of projective objects is projective and product of injective objects is injective. 

It is easy to show that the abelian 2-category &€& has all coproducts and products. 
Similarly for the 2-category of 2-modules over 2-rings. 

We will say that an object G is a generator of an abelian 2-category X provided for any 
object S there is a diagram 




such that the relative cokernel of this diagram is equivalent to S and objects A, B, C are 
coproducts of G. An object S is small if Homx(§, — ) preserves coproducts. The reader 
familiar with the corresponding notion in the classical world maybe find this definition ad 
hoc. However, it is known (see for example pp. 52-53 in [3]) that an object G of an abelian 
category A is a generator if and only if any object of A is isomorphic to the cokernel of a 
map Gi — > G , where G±, G 2 are coproducts of G. 

In an abelian 2-category X any morphism has a kernel and cokernel in the sense of 2- 
categories. The cokernel of the morphism X — y is denoted by EX, while the kernel of the 
morphism — y X by QX. It is well-known that Q 2 = and X 2 = 0. Objects X is called 
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discrete (resp. codiscrete, or connected) if flX = (resp. EX = 0). The full subcategory 
of Ho(T) formed by discrete (resp. codiscrete) objects is an abelian category denoted by 
Dis(T) (resp. Codis(T)). It is a remarkable fact that Dis(T) and Codis(T) are equivalent 
categories. 

The following is a 2-dimensional analogue of the classical Gabriel-Mitchel's theorem (p. 54 
in [3]). To state it recall that if X is an additive 2-category and M is an object in X then one 
has the 2-ring Endj(M) := Hom<j(M, M) (compare [14], [30]) and for any object X, the 
symmetric categorical group Hom(M, X) is a right 2-module over h(X) = Hom<x(M, X). 
In this way we get a 2-functor h from X to the 2-category of 2-modules over End<j(M). 

Theorem 1. Let X be an abelian 2-category with arbitrary coproducts. If M is a small pro- 
jective generator in X then 2-functor h from X to the category of right categorical modules 
over the categorical ring R = End(M) is a 2-equivalence of abelian 2-categories. 

Proof. Our argument is almost literary follows to pp. 54-55 in [3]. The fact that if R 
is a 2-ring, then R considered as a right i?-module is a small projective generator is an 
easy consequence of the 2-dimensional Yoneda lemma. Assume now that X satisfies the 
conditions of the theorem. We need to establish two facts. Firstly, for any objects X, Y in 
X the functor 

h x ,y ■ Hom x (X, Y) -± Hom R {hX, hY) 
is an equivalence of categories and secondly every 2-module Z is equivalent to some h(X). 

We start to verify the first assertion. We fix Y and consider hx,y as a natural transforma- 
tion a : T ->■ S, where T(X) = Hom x (X, Y) and S(X) = Hom R (hX, hY). Observe that 
if X = M then a(X) is an equivalence of categories by Yoneda and because of smallness 
assumption it is also an equivalence for X isomorphic to a coproduct of M. Since hom-s 
are left exact and Homx(M, — ) is an exact functor (due to projectivity of M) it follows 
that both 2-functors T and S are left exact as well. Since M is a generator it follows that 
a(X) is an equivalence of categories for any X. 

To see the second assertion, we use the fact that R is a generator in the 2-category of 
i?-modules, hence we can write Z as a relative cokernel of a diagram 




where R^ denotes the coproduct of /-copies of R. Since 

Hom R ((hM) (h \ ((hM)W) = Hom R ((/i(M (/l) ), (h(M^)) 

we see that the diagram is equivalent to one which comes from a similar diagram in % by 
applying the 2-functor h and again by exactness of h we see that Z is equivalent to one of 
the form h(X). □ 

As an immediate consequence of this theorem we see that in terminology [14] any 2- 
abelian Gpd-category which posses a small projective generator and arbitrary coproducts 
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is automatically good 2-abelian Gpd-category. Another important consequence is the fol- 
lowing. 

Corollary 2. Let R be a classical ring and A be the abelian category of classical R-modules. 
Then the abelian 2-category A c is equivalent to the 2-category of 2-modules over R con- 
sidered as a discrete 2-ring. 

Proof. Consider the following object R[0] — (0 — >■ R) of the abelian 2-category A c . It is 
obvious that R[0] is a small and projective in the abelian 2-category A c , to show that it is 
also a generator take any object A = (Ai — y A ) in A c ' and consider a projective resolution 
P* — > A\ in the classical sense. Based on the description of cokernels of morphism of A c 
given in [25] it is obvious that A is equivalent to the relative cokernel of the diagram 




where a is the trivial track. So we can apply Theorem 1 and the fact that the 2-ring 
Horn [i](P[0],P[0]) is isomorphic to R considered as a discrete 2-ring to finish the proof. 

□ 



3. Morita Equivalence 

Two 2-rings R and § are called Morita equivalent provided the 2-categories of 2-modules 
over R and § are 2-equivalent. Based on the tensor product developed by Vincent Schmitt 
[30] lots of materials on Morita contexts [3] have 2-dimensional analogues. Details left to 
the interesting readers. Here we restrict ourself only with the following consequence of our 
version of the Gabriel-Mitchel theorem. 

Theorem 3. R and § are Morita equivalent iff there exist a small projective generator P in 
the 2-category of 2-modules overM. such that two rings § and Horri]R (P,P) are equivalent. 

Proof. It suffices to observe that under 2-equivalences small projective generators corre- 
sponds to small projective generators and then use Theorem 1. □ 



4. 2-CHAIN COMPLEXES 

In this section we fix an abelian 2-category %. In particular for morphisms f,g:A^-B 
there are defined morphisms / + g : A — )> B and —f:A—>B. 
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A 2-chain complex (A*, d, d) in X is a diagram of the form 




94 X / f 

A n+2 -d n +p- A n+ i —d n ^- A n -dn-P- A n _i 




i. e., a sequence of objects A n , maps rf n : A n+1 — ¥ A n and tracks d n : rf n rf n+1 =>- 0, n G Z, 
such that for each n the tracks 



&n—lU"nU"n+l "'' 0"n— 1" 







and 



, 7 7 9n -lrfn+l , = 

d n -id n d n +i > Ua n+ i > 



coincide. 

For any 2-chain complex (A*,d,d) and any integer n, there is a well-defined object 
called ra-th homology H n (A*) of A* (see p. 138 [14]). Following to [6] we call H*(A„) the 
secondary homology of A*. Let us recall the definition. Let Z n (A*) be the relative kernel 
Ker(d„, 9 n _i). Then we get a natural morphism k : A n+1 — >• Z n and by the definition the 
secondary homology H„ is the relative cokernel of the diagram 




In the abelian 2-category &£(5 we put 

# n (A) := 7T (H n (A*) 

These groups are known as Takeuchi-Ulbrich homology [13]. 

One of the main properties of the secondary homology is that it associates to an extension 
of 2-chain complexes a long 2-exact sequence of secondary homologies [13]. This implies also 
usual exactness of the long exact sequence of Takeuchi-Ulbrich homologies. The following 
easy lemma on 2-exact sequences will be useful in the section on derived 2-functors. 

Lemma 4. // 

• • • — 7> I\ n t D n t U„ t /l n _l —*'•• 

is a 2-exact sequence of symmetric categorical groups, then 

TT {A n ) = Tl^An^) 

Ij-K\A n = (resp. 7r A n _i = 0) then B n = Ker(h n ) (resp. C = Coker(f n )) . 
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If A„ and B* are 2-chain complexes in a 2-abelian category X, one can introduce a new 
2-chain complex (Hom(A t , BA, d, d) whose ra-th component is the product 



Hom(A», Bi) n = Y\ Hom x (A p , B, 



n+pj 



d : Hom(y4 t , 5*) n -> Hom(A t , 5 



* m— 1 



The boundary map 

is given by 

with following track 

dd(f) =► d 2 / + /d 2 =► 
where the first track comes from the distributivity law, while the second is the sum f*(d) + 

W). 

The objects of the symmetric categorical group H (Hom(A*, B*)) are known as 2-chain 
maps from A* to B*, while morphisms of H (Hom(A*, B*)) form tracks of 2-chain maps. 
We let 2Chain(T) be the 2-category of 2-chain complexes, 2-chain maps and tracks of 
2-chain maps. The corresponding homotopy category Ho(2Chain(T)) is the homotopy 
category of 2-chain complexes. Thus a 2-chain map is a pair (/, 0), where / = (f n ) is a 
sequence of morphisms f n : A n — » B n and = (0 n ) is the sequence of tracks f n d n =>■ d n f n+ \ 
satisfying an obvious coherence condition, similarly tracks (/, 0) =>• (/', 0') are also pairs 
(h,if>), where h = (h n ) is the sequence of maps h n : A n — > B n+1 and ip = (ip n ) is the 
sequence of tracks d n h n + f n =4> g + h n _\d n -\ satisfying an obvious coherence condition. 

The secondary homology H n defines an additive 2-functor 

H n : 2Chian(X) ->■ 1 

In particular the Tackeuchi-Ulbrich homology is homotopy invariant, meaning that it fac- 
tors trough the homotopy category Ho(2Chain(T)) of 2-chain complexes. 

Observe that if T : % — > %' is an additive 2-functor between abelian 2-categories 
it induces a well-defined additive 2-functor 2Chian(T) — > 2Chian(T / ), which is two- 
dimensional analogue on the degreewise action of an additive functor on chain complexes. 

A 2-chain map (/*,0*) : A* — > B* is called weak equivalence provided the induced 
morphism in secondary homology H*(^4*) — > H*(S#) is an equivalence. We let D(T) be 
the localization of the category Ho(2Chain(T)) with respect to weak equivalences. Here 
we emphasise that the category O(T) exists provided X posses countable coproducts and 
have enough projective objects. This can be proved essentially by repeating the argument 
of Samson Saneblidze given in [29]. It is not surprising that the category O(X) when it 
exists has a canonical triangulated category structure which is induced by the following 
mapping cone construction. Let (/*,0*) : (A :¥ ,d A ,d A ) — V (£>*, d B , d B ) be a 2-chain map. 
Define 2-chain complex (C*,d, d) by 

G n = A n _i © B n 



d r . 



-d A f 
d B 
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while dd 2 =^ is the composite of the canonical track (coming from the distribution) 
d 2 =>- I , 2 ) an d by the track I ab ) ■ The triangulated category D(T) is 

called the derived category of an abelian 2-category T. 

We claim that this construction is not only an analogue of the classical construction of 
derived categories of abelian categories but also generalizes it. In fact, if A is an abelian 
category with enough projective objects then the derived category D(A) in the classical 

sense and the derived category D(Ac ) in the new sense are triangulated equivalent. The 
equivalence is given by the following functors. Define a triangulated functor D(Ac ) — > 
D(A) by the "total complex" construction (see for example Example 2. 11 in [6]). The 
functor in opposite direction is given as follows. If X* is a chain complex in A, first we 
have to replace it by a weak equivalent one which consists of projective objects (here one 
needs to assume that A has countable coproducts) and then apply the functor P i-> P[0] 
to obtain a 2-chain complex. Here P[0] = (0 — y P) is an object in (A) c ■ One sees that 
these constructions are mutually quasi-inverse functors. 

It is a remarkable fact that the construction of a triangulated category from an abelian 2- 
category is intimately related to the derived category construction in the brave new algebra. 
Namely, if R is a 2-ring and H(R) is the corresponding ring-spectrum constructed in [20] 
then the derived category of 2-modules is triangulated equivalent to the derived category 
of H(R) in the brave new-algebra sense. The proof of this fact will appear in a forthcoming 
paper [27]. In particular, there is a ring spectrum A = H(Q), which is characterized by 
the following properties: vro(A) = Z, 7Ti(A) = Z/2Z, 7r*(A) = 0, if % ^ 0, 1 and the first 
Postnikov invariant (as a ring spectrum) of A is the generator of the third MacLane (i.e. 
topological Hochschild) cohomology HML 3 (Z, Z/2Z) = Z/2Z. Then B)(&£&) and ©(A) 
are triangulated equivalent. 

5. Resolutions and Derived 2-functors 

Let T be an abelian 2-category with enough projective objects and A be an object in T. 
Following to [6] a left A-augmented 2-chain complex is a 2-chain map (e, e) : A* — y A of 
2-chain complexes, where A is considered as a 2-chain complex concentrated in dimension 
with trivial differentials d — 0, d — and (A*,d, d) is a 2-chain complex with A n = 0, 
n < 0. Moreover d n equal to the identity track for n < [6]. A left A-augmented 2-chain 
complex (e, e) : A* — y A is called left resolution provided (e, e) is a weak equivalence. A 
left resolution is called projective resolution provided A n is projective for all n > 0. This 
notion is a particular case of a more general notion given in [6] and corresponds to the case 
when (in the notations [6]) b coincides with the class of all projective objects. 

Then we can summarize some results of [6] in the following proposition. 

Proposition 5. Let T be an abelian 2-category with enough projective objects and let PR 
be the full 2- subcategory of the 2-category 2Chian(X) consisting of projective resolutions. 
Then the 2-functor given by taking the 0-th secondary homology defines a 2-equivalence 

PR^T 
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For the reader convenient we recall how to construct projective resolutions. Take an 
object A G % and choose a projective object Pq together with a cofaithful morphism 
e : Pq — > Aq. Let (Ko,io,Ko) be the kernel of e, where i$ : K — > Pq is a morphism and 
kq : eoi =>■ is a track. Choose a projective object Pi together with a cofaithful morphism 
ei : Pi — > K . Now we set do = «o e i : Pi — ^ Po an d e = e*(/t ) which is a track e o d =>- 0. 
Let (i^i,ii,Ki) be the relative kernel Ker(do;e). Choose a projective object P2 together 
with a cofaithful morphism e 2 : P2 — > K\ and set d\ = %\ei : P<i — > Pi, <9o = £2(^1) an d 
continue this way. 

Let P be the full 2-subcategory of T which consists of projective objects. Then for any 
additive 2-functor T : P — > &<£(3 one obtains a well-defined additive 2-functors L n (T) : 
% — > &€& (called the secondary left derived 2-functors) by 

L n (T)(A):=H„(T(P.)) 

where P* is a projective resolution of A. If one takes the Takeuchi-Ulbrich homology instead 
and get the Takeuchi-Ulbrich left derived functors, which are denote by L n T, n > 0. So 
by the very definition one has 7r (L n (T)) = L n T. It follows then that 7Ti(L„(T)) = L n+ iT 
(see Remark 3.2 in [13]). 

In the following proposition we summarize the basic properties of derived functors. 

Proposition 6. i) The secondary derived functors form a system of d-functors. More 
precisely, if 




is an extension in % (see Definition 2.2 in [7]), then the sequence of symmetric categorical 
groups 

► L n+ iT(C) -)■ L n T(A) -)■ L n T(B) ->■ L n T(C) ->■ • • • 

is 2- exact. Furthermore we have the following exact sequence of abelian groups 
■••-)• L n+1 T(C) ->• L n T(A) -> L n T(P) -* L n T(C) -)• • • • 
nj //A zs any object of%, then 



L n T(A) 



0, n< -1 

SL T(A), n = -1 



Hence L n T = if n < 0. 
Hi) If P is projective, then 



(T(P), n = 
L n T(P) = ^ ftT(P) n = 1 

[0, n^-1,0,1 
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Furthermore 

WW a {'«<"■> " = »•; 

10 nf 0,1 

roj Assume T n : X — >■ (3€® 7 n El, is a system of d -functors such that T n = 0,ifn<—1. 
If for any projective P one has T n (P) = for n > 1 and 7r 1 T 1 (P) = 0, £/ien £/iere exist a 
natural equivalence of 2-functors 



J n 1 



T n , n G Z 



Proof, i) Easily follows from the fact that if /* : P* — > P^ is a morphism of projective 
resolutions, which induces / in the zeroth homology, then the mapping cone of / is a 
projective resolution of C. ii) The fact L n = for n < —2 is obvious. Applying Lemma 
4 to the 2-exact sequence from i) we first get 7To(L_i(C)) = 7ri(L_ 2 (C)) = and then 
7To(Lo(C)) = 7Ti(L_i(C)). The statement iii) is clear. To show iv) observe that the argument 
in ii) shows that T_i(A) = ETq(A). Next, we choose an extension 




with projective P. If one applies the long exact sequence we get equivalence 

T n+1 A^T n B, n>2 
and the following 2-exact sequence 

-> T 2 (A) -). 7\(B) -> 7\(P) -)- Tx(A) -)- T (P) 4 T (P) 

We claim that the canonical morphism T\A — >■ ker{f ir ) is an equivalence. By 2-exactness 
it suffice to show that the induced map 7r 1 T 1 (A) — > 7r!To(P) is a monomorphism, but this 
follows from the fact that TiP is discrete. Hence all functors T n can be express in terms 
of T and we are done. 

□ 

Observe that theory of left derived functors have obvious analogue for right derived 2- 
functors, both for covariant and contravariant case. Of course in covariant case we have to 
use injective resolutions instead of projective ones. 

Proposition 7. i) The secondary right derived functors of a 2-functorT : % — > &€& form 
a system of S-functors. More precisely, if 
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is an extension in % , then the sequence of symmetric categorical groups 

► R n T(A) ->■ R n T(B) ->■ R n T(C) ->■ R" +1 T(A) ->■ • • • 

zs 2-exact. Moreover for any object A ofZ, one has 

JO, n < — 1 

R T(A) = \nR»T(A), n = -l 

Furthermore, if I is injective, then 

(T(I), n = 
R n T(J) 9* I ST(7) n = 1 

(o, n^-1,0,1 

nj Assume T n : % — y &€&, n £ Z is a system of '6 -functors such that T n = 0, if n < — 1. 
If for any injective P one has T n (I) = for n > 1 and 7ToT 1 (J) = 0, then there exist a 
natural equivalence of 2-functors 

R n T° ^ T n , neZ 

6. Applications to Ext 

In particular one can take the 2-functors Hom(A, — ) or Hom(-,B) and get the sec- 
ondary derived 2-functors. As in the classical case these two approach gives equivalent 
objects. Moreover we will show that in dimension 1 we recover the Ext 1 from [7]. 

To start with we let Ex£%(A, — ), n G Z be the secondary right derived functors of 
the 2-functors Homj(i,-). We use Ext%(A,—) for Takeuchi-Ulbrich derived functors. 
Of course we are assuming that X has enough injective objects. Then by the dual of 
Proposition 6 we have: 

Proposition 8. i) There are natural equivalences 

{0 n< -2 

hom Ho (s)(A SIB) = hom H o ( s)(SA B) n = -\ 
Homj(A5), n = 

In dimension —1 it is understood that the abelian group hom.n ^(A,QB) is considered as 
a discrete symmetric categorical group. Thus 

{0 n< -2 

hom Ho (5) (A, SIB) = homHo(x) (£A,B) n = - 1 
honiHoCr^A- 6 ), n = 

ii) If I is an injective object in %, then Ext^(A, I) = for n > 1 and Ext \(A, I) is a 
connected symmetric categorical group, with 

7n(Ext£(A, J)) <* hom Ho (x)(A£0 
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Thus 



Ext\(A, I) = 

Hi) Let 




be an extension in X. Then the sequence 

► Ext£(A, B) ->■ Ext£(A, C) -»■ Ext™ (A, D) -»■ Ext£ +1 (A, S) -»■ • • • 

is a 2-exact sequence of symmetric categorical groups. Moreover the sequence 

► Ext%(A, B) ->■ £:rf£(A, C) -*■ £a*$(4, D) -)• £:r£™ +1 (A, S) -+ • • • 

is an exact sequence of abelian groups. 

Assuming now X has enough projective objects as well. Then we have 

Proposition 9. i) If P is an projective object in X, then Ext^(P, B) = for n > 1 and 
Ext<j(P, B) is a connected symmetric categorical group, with 

7Ti(Ext£(P, B)) = hom H o(x)(P 5) 

Thus Ext$(P, B) = forn > 0. 
iij Lei 




fre an extension in X. Tnen t/ie sequence 

► Ext£(C, D) ->■ Ext£(fl, D) ->■ Ext£(A, £>) ->■ Ext" +1 (C, £>) ->■ • • • 

is a 2-exact of symmetric categorical groups. Moreover the sequence 

> Ext^{C, D) ->■ £:rt£(P, D) -)• #rt$(A, £>) -)• Exq +1 (C, D) -> ■ ■ ■ 

is an exact sequence of abelian groups. 

Hi) The right derived functors of the 2-functor Homj(-, 5) are isomorphic to Ext^(— , B) 
wj 27ie categorical group Ext^(A, B) is isomorphic to the symmetric categorical group 

of extensions as it is defined in [7] . 

Proof, i) Since P is projective, the 2-functor Homx(A, — ) respects relative exact sequences 
and the result follows, ii) Take an injective resolution I* of D, then Homj(C, /*) — > 
Homx(-B, /*) — ¥ Homj(A, — ) is an extension of 2-chain complexes and the result follows 
from [13]. iii) By i) and ii) the result follows from iv) of Proposition 6 and finally iv) 
follows from Corollary 11.3 in [7] and the formula for first derived functor obtained in the 
proof of iv) 6. 
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□ 

7. The homotopy category of 6£<3 

For symmetric categorical groups Si and S 2 we have a groupoid (in fact a symmetric 
categorical group [7]) Hom(S 1 ,S 2 ). It follows from the result of [31] that the 2-category 
&<£<3 is 2-equivalent to the 2-category of two-stage spectra (see also Proposition B.12 in 
[19]). Hence we can use the classical facts of algebraic topology to study &£<8. Let TAB 
be the category of triples (A, B, a) where A and B are abelian groups and 

a G hom(A/2A,B) = hom(A, 2 B) 

where 2 .B = {b G B | 26 = 0}. A morphism (A, B, a) — y (Ai,Bi,ai) is a pair (/, g) where 
/ : A — y Ai and g : B — y B\ are homomorphisms, such that a\f — ga. The functor 

k : Ho(6£0) -»■ TAB 

is defined by 

k(S):=(7r (S),7ri(S),As) 
where § is a symmetric categorical group and k§ is the homomorphism induced by the 
commutativity constrants in S. 

Proposition 10. For any symmetric categorical groups Si and S2 one has a short exact 
sequence of abelian groups 

(1) -► Ext(7r (Si), tti(S 2 )) -)■ 7r (Hom(Si, S 2 )) ->■ TAB(k(Si), k(S 2 )) -► 
Furthermore one has also an isomorphism of abelian groups 

(2) 7n(Hom(Si, S 2 )) = hom(7r (Si), tti(Si)) 

Proof. The second isomorphism is obvious, while the first one is Proposition 7.1.6 in [5]. □ 

We see that the both categories Ho and TAB are additive and the functor 

k : Ho ->• TAB 

is additive. In fact it is a part of a linear extension of categories (see Lemma 7.2.4 and 
Theorem 7.2.7 in [5]). It follows from the properties of linear extensions of categories 
[4] that the functor k is full, reflects isomorphisms, is essentially surjective on objects 
and it induces a bijection on the isomorphism classes of objects. Moreover the kernel 
of k (morphisms which goes to zero) is a square zero ideal of Ho. Hence, for a given 
object A of the category TAB we can choose a symmetric categorical group K (A) such 
that k(K(h)) = A. Such object exist and is unique up to equivalence. Moreover, for 
any morphism / : A — > B we can choose a morphism of symmetric categorical groups 
K(f) : K(A) — y K(M), such that k(K(f)) = f. The reader must be aware that the 
assignments A —y if (A), / *-y K(f) does NOT define a functor TAB —y Ho. Having in 
mind relation with spectra, the construction K for the objects of the form (A, 0, 0) coincides 
with Eilenberg-MacLane spectrum and in general case is consistent with Definition 7.1.5 
in [5]. 
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8. Projective objects in 6£(25 

In this section we prove the following theorem. Let us recall that the symmetric cate- 
gorical group $ was defined in the introduction. 

Theorem 11. i) The symmetric categorical group $ is a small projective generator in 
(5£(25. In particular &£& has enough projective objects. Moreover, any projective object is 
equivalent to a coproduct of copies o/$. 

ii) For any 2-ring R the right module R is a small projective generator of the abelian 
2-category of 2-modules, in particular the abelian 2-category of 2-modules has enough pro- 
jective objects. 

The statement on 2-modules is a direct consequence of Yoneda lemma for 2-categories. 
The statement on &£<3 is a consequence of Lemma 12 proved below. 

Thanks to [21] a morphism / in &<£& is faithful (resp. cofaithful) if underlying functor 
is faithful (resp. essentially surjective). Recall also that [21] a morphism F : Si — > §2 in 
(5£(25 is essentially surjective if it is epimorphism on 7ro, while a morphism F : Si — > §2 
in &(£& is faithful if it is monomorphism on n±. We can develop same sort of language 
in the category TAB. A morphism / = (/ , f\) in TAB is essentially surjective if /o is 
epimorphism of abelian groups. Moreover an object P in TAB is projective of for any 
essentially surjective morphism / : A — > B in TAB the induced map 

rAB(P,A) ^TAB(P,B) 

is surjective. 

It is clear that a morphism F : Si — > S2 of symmetric categorical groups is essentially 
surjective iff k(F) : k(§i) — > k(§2) is so in TAB. For an abelian group M we introduce 
two objects in TAB: 

l(M):=(M,M/2M,id M/2M ), 

M[0] = (M,0,0). 

Lemma 12. i) If M is an abelian group and A = (Aq,Ai,o) is an object in TAB, then 
one has the following functorial isomorphism of abelian groups 

rAB(/(M),A) = hom(M, A Q ). 

ii) An object P is projective in TAB iff it is isomorphic to the object of the form l(P) 
with free abelian group P. 

Hi) $ is a projective object in &<£(5 and any projective object in &€& is equivalent to a 
coproduct 0/$. 

iv) The 2-category of symmetric categorical groups have enough projective objects. 

Proof, i) Assume / = (/ , f\) : l(M) — > A is a morphism in TAB. So / : M — > A 
and /1 : M/2M — > A\ are homomorphisms of abelian groups and the following diagram is 
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commute 



Id 



M/2M — ^ M/2M 



/o 

A /2A 



A 



Here /o is induced by fo- It follows that / x is completely determined by /q. This proves 
the result. 

ii) Let P be a free abelian group and let A — >■ B be an essentially surjective morphism 
in TAB. Thus Aq — > Bq is an epimorphism. It follows that hom(P, Aq) — > hom(P, Bq) is 
epimorphism as well, hence by the virtue of i) the map rAB(Z(P), A) — > TAB(/(P),B) 
is surjective. Thus l(P) is projective in TAB. Conversely, assume P = (Po,Pi,7r) is a 
projective object in TAB. We claim that Pq is a free abelian group. In fact it suffice to show 
that it is a projective object in the category 2lb of abelian groups. Take any epimorphism 
of abelian groups fo'-A^-B and any homomorphism of abelian groups go : Pq — > B. We 
have to show that go has a lift to A. Observe that / = (/o,0) : A[0] — > B[0] is essentially 
surjective in TAB and g = (go,0) : P — > B[0] is a well-defined morphism in TAB. By 
assumption we can lift g to a morphism g : P — > A[0], It is clear that g = (go, 0) for some 
go : Po — > A. Clearly g = f o g . It follows that Po is a free abelian group. Hence 
/(Po) is a projective object in TAB. By i) the identity map defines a canonical morphism 
% = (ldp ,ii) : /(Po) — > P, which obviously is essentially surjective in TAB. Since P is 
projective it follows that there exist a morphism p = (ldp ,pi) : P — > l(P) such that 
% o p = Idp. Thus we have a commutative diagram 



P)/2P 

Id 



Pi 



in 



Po/2Po-^P /2P 



Po/2P 



Pi 



with iipi = Idpj. It follows that p\ and i\ are mutually inverse isomorphisms of abelian 
groups. Hence p : P — >■ l(P) and I : l(P) — > P are mutually inverse isomorphisms in TAB. 
iii) First of all observe that k($) = Z(Z). Hence our assertion is equivalent to the 
following one: For any free abelian group P the symmetric categorical group K(l(P)) 
is projective symmetric categorical group and conversely, if § is a projective symmetric 
categorical group then 7r (S) is a free abelian group § is equivalent to PT(/(7r (§))). To 
prove it, let F : Si — > §2 be an essentially surjective morphism of symmetric categorical 
groups and G : K(l(P)) — > S2 be a morphism of symmetric categorical groups. Apply the 
functor k to get morphisms k(P) : k(Si) -»• k(S 2 ) and k(G) : l(P) -+ k(S 2 ) in TAB. Since 
7To(P) : 7r (Si) — ?■ 7r (S2) is an epimorphism of abelian groups it follows that k(P) : k(Si) — > 
k(S2) is an essentially surjective morphism in TAB. Since P is a free abelian group l(P) is 
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projective in TAB by ii). Thus we can lift k(F) to get a morphism g : l(P) — > k(§i) such 
that k(F) og = k(G) holds in TAB(l(P), k(S 2 )). Since P = n (K(l(P)) is free abelian 
group the Ext-term in the exact sequence (1) disappears and we get the isomorphism 

(3) 7r (Hom(K(/(P)),§,)) = rAB(/(P),k(§ l )), i = 0, 1 

Take a morphism L : K(l(P) — > Si of symmetric categorical groups which corresponds 
to the morphism g : 1{P) — > k(Si). By our construction one has an equality k(FL) = 
k(G) in rAB(Z(P),k(S 2 )) = ir (Hom(H(l(P)), S 2 )). Thus the classes of FL and of G 
in 7rQ(Hom(K(l(P)),S>i)) are the same. Hence there exist a track from FL to G. This 
shows that K(l(P)) is a projective symmetric categorical group. Conversely assume S is 
a projective symmetric categorical group. Since S and A^(k(S)) are equivalent, it follows 
that A(k(S)) is also projective. We claim that k(S) is projective in TAB. In fact take 
any essentially surjective morphism / = (/ , f\) : A — > B and any morphism g : k(S) — > B 
in TAB. Then K(f) : K(A) ->■ K(M) is essentially surjective in &£<5. Hence for K(g) : 
A"(k(S)) -»• i^(B) we have a morphism G : A"(k(S)) -»■ AT(A) and a track K(f)oG -»■ iC(^). 
Thus X(/) o G = X(#) in 7r (Hom(ir(k(§)), X(B))). Now apply the functor k to get the 
equality / o k(G) = g, showing that k(S) is projective in TAB. Hence k(§) is isomorphic 
to l(P) for a free abelian group P. Thus § and K{l(P) are equivalent. 

iv) Let S be a symmetric categorical group. Choose a free abelian group P and an 
epimorphism of abelian groups fo'.P—t 7To(S). By Lemma 12 it has a unique extension 
to a morphism / = (/o, f\) : l(P) — > k(S) which is essentially surjective. Since P is a free 
abelian group, we have the isomorphism (3), which show that there exist a morphism of 
symmetric categorical groups K(l(P)) — > S which realizes f on the level of ir . Clearly 
this morphism does the job. □ 

Proposition 13. The 2-category of symmetric categorical groups is 2-equivalent to the 
category of right categorical modules over the categorical ring $. 

Proof. Since $ is a small projective generator the 2-category of symmetric categorical 
groups is 2-equivalent to the category of right categorical modules over the categorical ring 
Hom($,$). Observe that we have an obvious morphisms of 2-rings $ —¥ Hom($, $) 
which sends the object n to the endomorphism of $ which on objects is given by x \— > nx. 
It remains to show that this morphism of 2-rings is an equivalence. But this easily follows 
from the exact sequence 1. □ 

9. Injective objects 

In this section we prove the following result. 

Theorem 14. The abelian category &€& as well as the abelian 2-category of 2-modules 
over a 2-ring have enough injective objects. 

These are just part iv) and v) of Lemma 15 proved below. 

A morphism / = (/o,/i) in TAB is faithful provided f\ is injective and an object 
I = (Iq,Ii,l) of TAB is injective if for any faithful morphism / : A — > B in TAB the 
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induced map 

rAB(B,I) ->rAB(A,I) 

is surjective. It is clear that a morphism F : Si — > §2 of symmetric categorical groups is 
faithful iff k(F) : k(§i) —¥ k(E> 2 ) is faithful in TAB. For an abelian group M we introduce 
two objects in TAB: 

r(M) = ( 2 M,M,td 2M ), 
M[1] = (0,M,0). 

Lemma 15. i) If M is an abelian group and A = (Aq,Ai,cx) is an object in TAB, then 
one has the following functorial isomorphism of abelian groups 

TAB(A, r(M)) = hom(Ai, M). 

ii) An object Q is an injective object in TAB iff it isomorphic to the object of the form 
r(Q) with divisible abelian group Q. 

Hi) For any divisible abelian group Q the symmetric categorical group K(r(Q)) is in- 
jective. Conversely, if § is an injective categorical group then ts\ (§) is a divisible abelian 
group and § is equivalent to K(r(iri(E>))). 

iv) The 2-category of symmetric categorical groups have enough injective objects. 

v) Let H. be a categorical group. Then the category of categorical right ¥L-modules have 
enough injective objects. 

Proof, i) Assume g = (go, g\) : A — ¥ r(M) is a morphism in TAB i in TAB. So go '■ Aq —^ 2 
M and g\ : A\ — > M are homomorphisms of abelian groups and we have a commutative 
diagram: 

A ^^ 2 A 1 ^^A 1 



90 



.'/i 



<n 



2 M^+ 2 M^^M 

where g~\ is induced by g\ and i,j are inclusions. It follows that go is completely determined 
by g\ and the result follows. 

ii) Let Q be a divisible abelian group and let A — > B be a faithful morphism in TAB. 
Thus A\ — > Bi is a monomorphism. Since Q is an injective object in 2lb it follows 
that hom(Bi,Q) — > hom(Ai,Q) is an epimorphism of abelian groups. So by i) the map 
TAB(B,r(Q)) -^ rAB(A,r(Q)) is surjective. Thus r(Q) is injective in TAB. 

Conversely, assume Q = (Qo,Qi,X) is an injective in TAB. We claim that Qi is a 
divisible abelian group. In fact it suffice to show that it is an injective object in the category 
2lb. Take any monomorphism of abelian groups fi'.A—^B and any homomorphism of 
abelian groups g\ : A\ — ¥ Qo- We have to show that g\ has a lift to B\. Observe that 
/ = (0, f x ) : A[l] -* B[l] is faithful in TAB and g = (0, gi ) : A[l] ->■ Q is a well-defined 
morphism in TAB. By assumption there exists a morphism g : B[l] — > Q, It is clear 
that g = (0,g~i) for some §\ : B —$■ Q±. Thus Q\ is a divisible abelian group. Thus 
r(Qi) is an injective object in TAB. By i) the identity map defines a canonical morphism 
i = («o, IdgJ : Q — > r(Qi), which obviously is faithful in TAB. Since Q is injective it 
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follows that there exist a morphism q = (q , IcIqJ : r(Qi) — > Q such that q o i = \dq. Thus 
we have a commutative diagram 

Qo >■ 2Q1 

io Id 

w 

2Q1 — *-2<5l 

90 Id 

w 

Qo >■ 2Q1 

with qoio = \6q . It follows that io is an isomorphism. Hence % : Q —¥ r(G/i) is an 
isomorphism and we are done. 

iii) Let F : Si — > S 2 be a faithful morphism of symmetric categorical groups and G : 
Si — > K{r(Q)) be a morphism of symmetric categorical groups. Apply the functor k to 
get morphisms k(F) : k(S x ) ->■ k(S 2 ) and k(G) : k(Si) ->■ r(Q)) in TAB. Since m(F) : 
7Ti(Si) — > 7Ti(S 2 ) is a monomorphism of abelian groups it follows that k(F) : k(Si) — > k(S 2 ) 
is a faithful morphism in TAB. Since Q is a divisible abelian group, r(Q) is injective in 
TAB by ii) and we can extend k(F) to get a morphism g : k(S 2 ) — > r(Q). Thus we have the 
equality g o k(F) = k(G) in rAB(k(Si),r(Q)). Since Q = ni(K{j-{Q)) is divisible abelian 
group the Ext-term in the exact sequence (1) disappears and we get the isomorphism 

(4) 7r (Hom(S,,K(r(g)))) = rAB(k(Si), r(g)), i = 0, 1 

Take a morphism L : S 2 — > K(r(Q)) of symmetric categorical groups which corresponds to 
the morphism g : k(S 2 ) — > r(Q). By our construction one has an equality k(LF) = k(G). 
This is equality in 7To(Hom(Si, K(r(Q)))), which imply that the classes of LF and of G 
in 7To(Hom(Si, K{r(Q)))) are the same. Thus there exist a track from LF to G. This 
shows that K{r(Q)) is an injective symmetric categorical group. Conversely assume S is 
an injective symmetric categorical group. Since S and i^(k(S)) are equivalent, it follows 
that fT(k(S)) is also projective. We claim that k(S) is injective in TAB. In fact take any 
faithful morphism / = (/ , /1) : A — > B in TAB and any morphism g : A — > k(S) in TAB. 
Then K(f) : K(A) ->■ K(M) is faithful in 6€0. Hence for K(g) : K(A) -> K(k(§)) we have 
a morphism G : K(M) ->■ K(k(S)) and a track G o K(f) -»■ if(^). Thus G o X(/) = K(^) 
in 7To(Hom(.?f(k(S)), K(M))). Now apply the functor k to get the equality k(G) o / = g, 
showing that k(S) is injective in TAB. Hence k(S) is isomorphic to r(Q) for a divisible 
abelian group Q. Thus S and K(r(Q) are equivalent. 

iv) Let S be a symmetric categorical group. Choose a divisible abelian group Q and 
monomorphism of abelian groups f\ : 7Ti(S) — > Q. By Lemma 15 it has a unique extension 
to a morphism / = (/ , j\) : k(S) — > r(Q) which is essentially surjective. Since Q is divisible 
abelian group, we have the isomorphism (4), which show that there exist a morphism of 
symmetric categorical groups S — > K(r(Q)) which realizes f\ on the level of 7Ti and we get 
the result. 

v) We consider the 2-functor Hom(R, — ) from the 2-category of symmetric categor- 
ical groups to the 2-category of categorical right -R-modules. It is a right 2-adjoint to 
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the forgetful 2-functor. Since the forgetful functor is exact it follows that the 2-functor 
Hom(l, — ) takes injective objects to injective ones. Let M be a categorical left M-module. 
Choose a faithful morphism M — y Q in the 2-category of symmetric categorical groups 
with injective symmetric categorical group Q. Apply now the 2-functor Hom(R, — ). It 
follows from the isomorphism (2) that Hom(l, M) — y Hom(R, Q) is a faithful morphism 
of right M-modules. By the same reasons the obvious morphism M — y Hom(l, M) is also 
faithful. Taking the composite we obtain a faithful morphism M —y Hom(l, Q) and hence 
the result. D 

10. On cohomology of categorical groups 

Let G be a categorical group. Recall that a G-module [15], [34] (or 2-representation of 
G) is a symmetric categorical group § together with a homomorphism of categorical groups 
G — y £q(E>), where Sq(§) is the categorical group of symmetric monoidal autoequivalences 
of S. In the case, when G is discrete, Ulbrich [34] defined the cohomology groups Hy(G, §). 
Moreover in [15], [16] the authors considered even more general situation when G is arbitrary 
and § is assumed to be only braided and they managed to define the categorical groups 
"H*(G, §) in dimensions i = and i = 1. 

For symmetric categorical groups one can define "H*(G, S) for all i. For discrete G the 
connected components of "H*(G, S) are exactly the Ulbrich's groups. The main result of 
this section claims that there is an equivalence between "H*(G, S) and appropriate ext in 
the abelian 2-category of G-modules. 

For any symmetric categorical group S, we let M(G, §) be the symmetric categorical 
group of all functors from G to §. In fact M(G, §) has a natural G-module structure, 
induced by the categorical group structure on G. If § is a G-module, then there is a 
canonical morphism of G-modules 

i B : §^M(G,§) 

which takes an object a G § to the constant functor with value a. Since 

ttiM(G,S) = Maps(7r (G),7r 1 (§)) 

we see that i§ is faithful. 

For a categorical group G we let Ner2(G) be the nerve of G as it is defined in [9]. For 
a 67-module S we let C n (G, §) be the symmetric categorical group n7Ver 2 (G)„ ^- Similarly 
to the classical case, there is a 2-cochain complex structure on C*(G, S) (details can be 
find in [12]). The secondary cohomology of this complex is denoted by %*(G, S), while the 
Takeuchi-Ulbrich cohomology is denoted by H^(G,E>). By our definition the symmetric 
categorical groups "H°(G, §) and 'H 1 (G, S) coincides with one defined in [15], [16], while for 
discrete G the groups Hy(G, 8) are the same as in [34]. 

We wish to relate these objects to the secondary ext. To do so, we observe that the 
2-category &£<8g of G-modules have enough injective objects. In fact if Q is an injective 
object in &£&, considered as a trivial G-module, then M(G, Q) is injective in &£<3g- 
Actually the 2-category &£&& of G-modules has a small projective generator M/(G, $), 
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and hence is 2-equivalent to the 2-category of modules over a 2-ring. We will not need this 
fact, therefore we omit the proof of this fact. 

Theorem 16. Let G be a categorical group and § be a G-module, then 

?T(G,§)-Ext^ G ($,§) 

where action of G on $ is trivial. 

Proof. By iv) Proposition 6 it suffices to prove the following assertions 
i)Hom 6£eG ($,-)^^(G,-), 
hi If 




is an extension in &£&&, then 




C n (G,§ 



is also an extension. 

iii) If § is an injective object in &<t<3 G , then W l {G, §) = for n > 1. 
The assertion i) is easy consequence of the fact that 

Hom 6£6 ($,§) =§. 

To see the ii) one has to use the fact that the product of 2-exact sequences is also 2-exact 
and to show iii) one has to consider the canonical morphism i§ : S — > M(G, 8). Since 
§ is injective and is is faithful it follows from Corollary 4.4 [7] that S is equivalent to a 
direct summand of M(G, §). Hence it suffice to show that for any G-module § one has 
% n (G, M(G, §)) = for n > 1. Since 'evaluation at unite' gives an explicit homotopy 
equivalence between S considered as a 2-chain complex concentrated in dimension zero 
and C*(G, S), the result follows. □ 
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